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ABSTRACT The universal part of the free energy of mixing of semidilute solutions of two polymers in marginal 
to good solvents is evaluated by using an Edwards' continuum model. Excluded-volume interactions between 
chains are modeled by the usual 6 function pseudopotentials, while polymer-solvent interactions are introduced 
via the Flory-Huggins lattice theory by requiring that the lattice and continuum theory free energies of mixing 
coincide at the 8 point. The free energy is calculated perturbatively near four dimensions (d = 4) as an expansion 
to first order in 4 - d.  A renormalized free energy is defined through the introduction of phenomenological 
osmotic second virial coefficients that absorb divergences in the perturbation expansion. By deriving expressions 
for the chemical potentials of the various components of the temary mixture, the Flory x parameters are obtained 
as functions of concentration, molecular weight, and temperature. They cannot be represented as pairwise 
additive polymer-solvent and polymer-polymer contributions because of the screening of excluded-volume 
interactions in semidilute solutions. Equations for the coexistence curves for phase separation are determined 
for two special limits, and the predictions are compared with the Flory-Huggins theory. A general theorem 
is proven that phenomenologically defined Flory x parameters of ternary mixtures must diverge in the limit 
that the volume fraction of one of the components vanishes, provided certain regularity constraints are obeyed 
by the chemical potentials in this limit. 

1. Introduction 
The study of solutions or blends of different polymers 

is important in a number of areas of polymer processing, 
including the development of composites, biological frac- 
tionation, and colloid As a result, these 
systems have been the subject of numerous experimental4 
and theoretical5 investigations. 

Our present understanding of the salient entropic and 
enthalpic changes accompanying the formation of polymer 
mixtures relies heavily on the early lattice theory of mixing 
of Flory, Huggins, and others6 for polymer blends. Blends 
are especially amenable to mean-field treatments of the 
Flory-Huggins kind as the composition fluctuations in 
these systems are small over a wide range of temperatures. 
However, Flory-Huggins-type approaches do not ade- 
quately describe the behavior of polymers in semidilute 
solutions, where long-range correlations lead to the 
emergence of altered power law dependences of effective 
interaction energies, osmotic pressures, etc., on concen- 
tration. Here we study the free energy of mixing of 
moderate to good solvent semidilute binary polymer 
mixtures using renormalization group methods to inves- 
tigate the concentration dependence of the Flory x pa- 
rameter and to explore the ramifications of the above- 
mentioned altered power-law dependences on the coex- 
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istence curve for phase separation. 
The systematic description of polymers in semidilute 

solutions has recently been made possible by the methods 
of the renormalization group' (for a detailed discussion, 
see, for example, ref 8). But the application of these 
methods to the study of mixtures has so far been somewhat 
limited.5dve For instance, there is presently no renormal- 
ization group treatment of demixing in the simplest system 
of a mixture of a polymer and a solvent. The difficulties 
of such a treatment are associated with the necessity of 
a t  least including both two- and three-body excluded- 
volume interactions in the t h e ~ r y . ~  No satisfactory way 
to do this is yet known for arbitrary values of the two 
interactions, i.e., away from the theta region. (But see ref 
10 for a mean-field treatment.) 

Renormalization group approaches are more readily 
applied to mixtures in which the effects of three-body 
interactions are unimportant. For example, Schafer and 
K a ~ p e l e r ~ ~  determine the renormalized spinodal for a 
ternary solution of two polymers in a solvent that is 
marginal to good for both polymers. Their calcualtion uses 
the "tree approxiamtion", however, and thereby neglects 
excluded-volume screening, which f i i t  appears only in the 
next order in excluded volume and which describes im- 
portant effects of long-range correlations in semidilute 
polymer solutions. Although even the mean-field calcu- 
lations of Schafer and Kappeler produce qualitative de- 
partures from the standard Flory-Huggins theory, Schlifer 
and Kappeler note that a complete description of critical 
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demixing must include screening contributions in the re- 
gion of strong chain overlap. Schafer and Kappeler also 
discuss the phase diagram of the ternary system only in 
terms of the abstract Y f l o ~ s ”  of the different excluded- 
volume interaction parameters as the solvent quality is 
varied. The “phase diagrams” so obtained are not easily 
related to the experimentally constructed phase diagrams, 
which usually present the polymer volume fraction 4 as 
a function of the temperature T, and further work is 
necessary to extend such treatments of the semidilute 
region to study demixing and the Flory x parameter as a 
function of experimental variables. 

The qualitative importance of screening in semidilute 
solutions is ~ e l l - k n o w n ~ J l - ~ ~  to alter the concentration (c) 
dependence of the polymer-polymer interaction free en- 
ergy from the Flory-Huggins c2 form to the good solvent 
form of roughly c9/4. A simple model of the polymer- 
polymer interactions in good solvent semidilute binary 
polymer solutions might use a model of pairwise additive 
contributions with a ci9J4 type term for polymer i (i = A 
or B) along with an A-B interaction term. However, the 
screening of, say, A-A excluded-volume interactions is 
mediated by both A and B polymers, so the effective 
polymer A-polymer A interaction free energy becomes 
dependent of the volume fraction on B and the A-B ex- 
cluded volume. One of the main purposes of this paper 
is to investigate the form of this highly correlated inter- 
actional free energy and to determine its influence on the 
effective Flory x parameters and on the phase separation 
in binary polymer solutions. 

We use renormalization group methods to derive the free 
energy of mixing of semidilute solutions of two polymers 
A and B as a function of the molecular weights, concen- 
trations, and experimentally measurable self- and mixed- 
virial coefficients AM, ABB, and Am, applying the Edwards 
random field formulation1’ of the many-chain system to 
explicitly incorpoate the effects of screening into the 
theory. The free energy in turn is used to calculate the 
chemical potentials of solvent and polymers A and B, 
which, on the basis of Flory’s definition, are further used 
to obtain expressions for effective polymer-polymer and 
polymer-solvent interaction parameters. In so defining 
these x parameters, they are explicit functions not only 
of temperature and molecular weight (as in the original 
Flory formulation) but also of composition. They are, 
however, fully consistent with the Gibbs-Duhen equation 
and other thermodynamic relations, having been evaluated 
directly from a single well-defined free energy of mixing. 
At the same time, they do show decidedly non-Flory- 
Huggins behavior in the limit of vanishing volume fraction 
of one of the components, where the effective interaction 
parameters diverge. This singular behavior originates in 
the composition dependence introduced through the Flory 
definition; the renormalization group free energy expres- 
sion is nondivergent in the two-component limit. 

Coexistence curves for phase separation in the ternary 
mixture are determined from the free energy computed 
above. For simplicity, the numerical examples of coex- 
istence curves consider chains of equal length and equal 
molecular weight so as to reduce the number of inde- 
pendent paramters, but the full expressions (with 10 ex- 
perimental parameters) may be used in the general case. 
Calculations of phase separation are provided in the special 
limits where (a) the traditional Fixman excluded-volume 
parameters zAA and zBB between like chains vanish, while 
the mixed interaction parameter zm between different 
chains is variable and is repulsive, and where (b) the chains 
are in a marginal to good solvent with zAA = zBB = 8(1) 
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and the mutual repulsion zm is of the same order. 
Section 2 discusses the derivation of a renormalized free 

energy of mixing for two polymers A and B in the Edwards 
continuum representation,” in which the method of ran- 
dom fields is generalized to a two-component mixture and 
is used to incorporate the screening of excluded-volume 
interactions at nonzero concentrations of both polymers. 
Section 3 provides expressions for the chemical potentials 
of the components of the ternary mixture, which are then 
used to determine the experimentally important variations 
of the Flory x parameter with experimental variables. 
Those readers uninterested in the mathematical details 
provided in sections 2 and 3 may proceed directly to sec- 
tion 3B. Numerical computations of the x parameter are 
presented in section 4 along with the computational 
scheme employed in calculating coexistence curves for the 
two special limits mentioned above. A general derivation 
is provided in the Appendix to show that the traditional 
phenomenological definition of xm (through the chemical 
potential) implies that it must diverge as an inverse volume 
fraction $i when 4i tends toward zero, provided the chem- 
ical potentials are nonvanishing in this 4i - 0 limit. The 
derivation is valid for arbitrary ternary systems and may 
be applied to blends in which the third component is taken 
to represent free volume. 

2. Free Energy of A-B Mixture 
A. Two-Parameter Model. The configurational 

“Hamiltonian” for a given configuration of a mixture of 
two chemically different polymers A and B at  nonzero 
concentration is a simple generalization of that for a single 
polymeric species in ~olu t ion .~?4~~ The individual polymers 
are represented by continuous curves in d dimensions 
whose chain elements a t  distances TA and TB along the 
chain contour are at the spatial points rA(7A) and rB(7B), 
re~pectively.’~ The configuration Hamiltonian is given by 

where ni for i = A, B sequentially numbers the A or B 
chains in a volume Q, NO,A and NO,B are, respectively, the 
“bare” chain lengths of the two kinds of polymers, vuo, 
uBBO, and uBAO = vmo are the bare excluded-volume in- 
teractions between like and unlike polymer species, and 
r?)(7J = i = A, B. 

The bare partition function QB for the A-B system is 
the weighted sum of all possible configurations, 

where HI is the portion of (2.1) containing the vi?. This 
term may be written in matrix form as 

where the superscript T denotes transpose, the vector pT(r) 
is given by 

pT(r) = (PAW, P B W )  (2.4) 

the elements pA(r) and pB(r) have the representations 

p,(r) = 5 JN0tad7i 6[r - ri(a)(7i)], a = A, B (2.5) 
0 
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and the matrix V is given by 
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Screening of excluded-volume interactions may be 
treated by use of methods similar to those pioneered by 
Edwards." The Edwards random field decoupling scheme 
may be generalized for two components as 

where the vector $(r) contains the random fields 4A(r) and 
r$B(r) and is given by 

JT(r) = (4A(r), @B(r))  (2.8) 

The symbol 64, denotes the measure on the field config- 
uration of 4 A  and 4 B ,  the normalization factor N in (2.7) 
is 

exp1-'/,Sddr Jddr' $T(r)V-1$(r')6(r - r')] (2.9) 

and the matrix inverse of (2.6) is easily calculated to be 

From the procedure described in detail in ref 8 and 15 
the bare partition function QB and the free energy F B  are 
calculated by expanding the exponential part of (2.2) with 
(2.6) to second order in and 4 B  around the unperturbed 
Gaussian state and by then evaluating the integrals over 
4A and +B. In this way, the bare free energy to first order 
in the excluded volume is found to bel6 

-FB/kBT = nA In fi + n~ In fi - ( ~ Q ) - ' ( ~ A ' ~ ~ ~ N O A '  + 
~B~UBBONOB' + 2nAnBuABoNOANOB) - 

f i [ 2 ( 2 ~ ) ~ ] - l J d ~ q  In (1 + 2nAfi-'UAAoSA + 2nBQ-'uBBoSB 

+ 4nAnBQ-2SASB[UAAoUBBo - (UABO)']] + o(U') (2.11) 

where SA and SB are the unperturbed A and B chain Debye 
scattering functions 

S,  E 2NO,q2 + 4q4[exp(-q2N0,/2) - 11, 
a = A, B (2.11a) 

B. Renormalization of Free Energy. The integral 
over q in eq 2.11 diverges in the limit q - for d I 4. 
Since it is only near d = 4 that a well-controlled pertur- 
bation expansion in the excluded-volume exists, the oc- 
currence of singularities in (2.11) necessitates its regular- 
ization and renormalization.' This is done by adding and 
subtracting terms containing the divergent portions of 
(2.11) in the integrand of (2.11) in the manner described 
in ref 8 and 15. The regularized integral obtained after 
subtraction is well-defined in d = 4 and is evaluated there, 
while the added portions are chosen such that they may 
be renormalized by combining them into the definition of 
the osmotic second virial coefficients. The final results are 
thus represented in terms of experimental measurables. 

Introducing the change in variables q2 = 2y2/(No~ + 
NOB) and following the steps of ref 8 and 15, we evaluate 
the free energy as 

where F ( x )  is the r function, N A  is Avogadro's number, 
ci (i = A, B) is the weight concentration of i, AM, ABB, and 
Am are the osmotic second virial coefficients for A-A, B-B, 
and A-B type contacts, Mi (i = A, B) is the molecular 
weight of i, and g i b )  (YXi)- '  + CyXi)-2[exp(-yXi) - 11 (i 
= A, B), with X i  Nj/(NA + NB). (Reference 8 uses the 
notation g(y2) for this function.) In arriving at  (2.12) we 
have used the relations 2niQ-'ui/'Si E 4ciMiAigi(y) + O(u2), 

gA(Y)gB(Y)Am2, where the Aij are renormalized quantities 
that can be taken from theory or experiment. The elim- 
ination of the divergences in the perturbative expansion 
of the free energy in (2.12) through the introduction of the 
renormalized virial coefficients Aij implies that the bare 
lengths NOA and NOB are to be replaced by their renor- 
malized counterparts, which are denoted by the variables 
NA and NB. 

C. Inclusion of the Entropy of Mixing. Equation 
2.12 does not explicitly include the entropy of mixing of 
the polymers and solvent, an important quantity that, 
because of the point (6 function) effective polymer inter- 
actions, lies outside the scope of the model (2.1). The 
simplest approximation for the free energy of mixing of 
two polymers and solvent is given by Flory-Huggins the- 
ory6 in units of kBT as 

MFH = no 1n 40 + n~ In 4~ + n~ ln @B + X O A ~ O ~ A  + 
X O B ~ O ~ B  + X A B ~ A ~ B  (2.13) 

where 40, 4 A ,  and 4 B  and no, n A ,  and n B  are respectively 
the volume fractions and numbers of molecules of the 
solvent and polymers A and B. Henceforth, the symbols 

and c $ ~  refer to volume fractions and not the random 
fields of section 2A. The xOA, xOB, and xm are the Flory 
interaction parameters for solvent-polymer and poly- 
mer-polymer contacts that are defined by Flory as6 

xij = zAwijxj/kT (2.13a) 

where z is the lattice coordination number, Awij is the 
energy associated with a pair of neighboring segments, x i  
is the number of segments per molecule in species i and 
kT is the thermal energy. (More accurate treatmentsI7 of 
AF are now available for the lattice model used by Flory 
and others and may be used instead of (2.13). However, 
in order to simplify the algebra, we retain the form (2.13)). 

Under idealized ''e" conditions xOA = XOB = XAB = ' 1 2 ,  

and A F F H  reduces to 
AFFH = no In $0 + no In +A + nB In 4B + 

i = A, B, and ~~A~B~?-~SASB(UAB~)'  ~~CACBMAMB x 

' /&o~A + n 0 4 ~  + ~ A @ B )  (2.13b) 
On the other hand, these conditions for (2.12) are defined 
by uAAo = uBBO = um0 = 0, making (2.12) vanish identically 
apart from In Q terms. The perturbed free energy is then 
taken as the sum of (2.12) and (2.13b) 

A.F=hlS+A& (2.14) 

which expreses the condition that the corrected AF equals 
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This process is made explicit by introducing the Ohta- 
Oono approximation' to evaluate the integrals in (2.15) 
analytically. Here the function gib) of (2.15) is replaced 
by (yhi + 2)-', an approximation that correctly reproduces 
they - 0 and y - 00 limits of the exact expression. Be- 
tween these limits (yXi + 2)-l has been shown7 to lie within 
3% of the true values. The quantity Xi is used to model 
the chain polydispersity. The evaluation of they integrals 
in (2.15) using the Ohta-Oono scheme yields the free en- 
ergy Fs as 

I I I I I I 
0 0.2 0.4 0.6 0.8 1.0 

Polymer Volume Fract ion 

Figure 1. Effective Flory parameters j i o ~ / M ~ ,  j i o ~ / M ~ ,  and 
gAe/(MAMB)lIZ as a function of polymer volume fraction 4' - 

mol-' as calculated from the renormalization group expressions 
for the chemical potential. The calculations employ virial 
coefficients AM = ABB I Am determined from eq 4.6 -4.7d with 
the Fixman parameters zM = zBB = 1. The remaining parameters 
Vo, VA, VB, etc. are specified as described in the text. The top 
four curves refer to gAB/(M4MB)1/,Z, while the lowest curve refers 
to  jiOA/MA and jiOB/MB, which coincide and which show no mo- 
lecular weight dependence. 

AFm at the 0 point. Thus, after reexponentiation of order 
t terms (see below) the free energy becomes the lengthy 
expression 

# A / ( ~ A  + 4 ~ )  for molecular weights in the range M = 104-10 14= g 

where all weight concentrations have been converted to 
volume fractions through 

ni = @ i f l f i ~ / v ~ ,  i = A, B (2.16) 

with f i A  Avogadro's number and Vi the molar volume of 
the ith species. In deriving (2.15) factors of In fl may be 
absorbed into the definition of the zero of free energy and 
thus removed, because the remainder of the kinetic con- 
tribution is not included. Notice that the interaction term 
of (2.15) (Le., the term containing the y integral) cannot 
be decomposed into pairwise additive contributions, as 
explained heuristically in the Introduction. An important 
feature of (2.15) is its representation solely in terms of 
measurable quantities rather than abstract renormalization 
group variables. The interactions in (2.15) are represented 
in terms of a monodisperse distribution, but polydispersity 
averages can readily be introduced. These averages are 
omitted because of the complexity of (2.15). 

D. Approximate Analytic Evaluation of Equation 
2.15. The integral over y asympotically yields loga- 
r i t h m ~ , ~ , ' ~  so reexponentiation of this term is required to 
produce the expected power law formls for the free energy 
as a function of concentration in the semidilute region. 

where in analogy with the work of ref 8 and 15 we define 
the reduced volume fractions $A, $B, and $AB as 

$A = ~ A A A A M A ~  / VA (2.18a) 

~ J B  = ~ B A B B M B ~ /  VB (2.18b) 

$AB = (~A~B)'/~A~MAMB/(VAVB)~/' ( 2 . 1 8 ~ )  

and the quantity H is given by 

A = 16$A2XB2 + 16$B2X~2 + ~ ~ $ A ( X B ~  - XAXB) + 
16$B(XA2 - XAXB) - 32$A$BXAXB + 64$m2XAXB - 

8XAXB + 4XA2 + 4XB2 (2.18d) 

The known scaling limit behavior7 of Fs is recovered 
from (2.17) by exponentiating terms involving the loga- 
rithms of $A, $B, and 
Fs/QRT = FH + F l ~ 2 6 ~ / ~ * a F i ~ ~ 3 ~ ~ / 8 * 2 F 1 6  x 

r 1 

O(t2) (2.19) 

where we define the quantities 



3208 Cherayil and Freed 

Q I N A ( N A  + NB)2 (2.19e) 

l?3 = 1(2XA + 2hB + 4$AXB + 4$BXA + @/')/(2XA + 
2 X B  + 4$AXB + 4$BXA - @I2)) (2.19f) 

62 ( 2 X A  + 2XB + 44AXB + 4$BXA)fi1/2/4hA2XB2 (2.19g) 

63 E 2 / X A 2  + 8$A/XA2 + 8$A2/hA2 - 16$AB2/XA(XA - AB) 
(2.19h) 

64 E 2/hB2 + 8$B/XB2 + 8$B2/XB2 + 
16$m2/X,(XA - AB) (2.19i) 

66 3 2 / X A 2  + 2 / X B 2  + 8$A/XA2 + 8$B/XB2 + 8$A2/XA2 
+ 8$B2/XB2 - 16$AB2/XA(XA - AB) + 16$m2/X~(X, - AB) 

(2.19j) 

p4 E 12$A2/XA2 + 12$B2/XB2 + 4$A/XA2 + 4$B/XB2 + 
8$AB2/XAXB (2.19k) 

Equation 2.17 clearly exhibits a nonseparability into 
pairwise additive contributions, but it is still too unwieldly 
to use, so simplifying limits are now investigated. 
E. Scaling Limits. Some further simplification is 

made by considering only symmetric monodisperse sem- 
idilute solutions, Le., those for which MA = MB E M, V A  
= VB V, NA = NB E N (and hence XA = AB = ' / 2 ) ,  and 
AM = ABB 6 A2 and for which $A, $B, $m >> 1. This 
reduces the free energy to the form 
Fs/ORT = FH + 
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order to transform back to our standard units. (Recall that 
the Hamiltonian of (2.1) uses units in which ri(Ti) has the 
dimensions 

The emergence of nonclassical scaling behavior for the 
free energy of (2.19) or (2.20) is somewhat obscured by the 
complicated structure of the quantities defined by 
(2.19a)-(2.19k) and (2.20aH2.20h). However, the power 
law form of Fs is readily demonstrated to emerge in the 
limit that only a single polymer component is present in 
solution. Here, without loss of generality, we may take 4A 
= 4~ -+ 412, together with AM = ABB = Am - Az and 
MA = MB - M. Then the ratios a1/32r2F1Q and a2/ 
32r2F1Q that appear as the exponents respectivelypf F2 
and F3 in eq 2.20 both become equal to A 2 i @ / 2 r 2 N ~ P .  
As shown earlier,l9 to first order in c (c = 4 - d )  the com- 
bination A2i@/NA is given by uN2/2, where u is the di- 
mensionless strength of the excluded-volume interaction. 
In good solvents, i.e., in the limit of fully developed ex- 
cluded volume, u approaches its fixed point value u* 0f19 
u* = c 9 / 2  + O(c2). When these expressions are introduced 
into (2.20) and passage to the semidilute limit $ >> 1 is 
taken, Fs is easily shown to behave in the scaling form7J5 

Fs - ,7,2+f/4 (2.21) 

For three dimensions, we have t = 1, and (2.21) yields the 
well-known 914 scaling behavior of de Gennes.ls This is 
also the scaling behavior derived by Ohta and Oono7 for 
the osmotic pressure in the semidilute region. For the 
present system of two polymers dissolved in a common 
solvent, a 914 "law" in CYA$A + CY& is also anticipated from 
an order c computation. While there is no simple analytic 
derivation of this result, numerical calculations of the 
concentration dependence of the Flory parameters (dis- 
cussed below) confirm these expectations. 

3. Concentration Dependence of Flory x 
Parameters 

Several different definitions of x parameters are pres- 
ented in the literature, and all can be determined from the 
free energy. Here we explictly consider the original Flory 
definition, as the others follow similarly and may be ob- 
tained from (2.15) or (2.17). Because the Flory x param- 
eters derived from (2.17) are clearly composition depend- 
ent, the Gibbs-Duhem relation imposes an interrelation 
between first derivatives of these x parameters with respect 
to composition. However, the three x parameters are still 
linearly independent and represent a traditional rewriting 
of the free energy (2.17). Our basic intent here is to il- 
lustrate the decidedly nonclassical structure of these x 
parameters, a feature present for the common alternative 
definitions. 

A. Definition of a n  Effective x. Equations 2.13 and 
2.15 may be used to calculate the chemical potentials pi 
of the various components in the A-B-solvent system. 
Because empirical x parameters are often defined in terms 
of the Flory-Huggins expression for the pi, we evaluate 
effective x parameters designated as by equating our 
renormalization group expression for pi with that obtained 
from the Flory-Huggins expression (2.13) when the latter 
is rewritten in terms of x. This procedure enables us to 
determine the explicit dependence of the effective x i j  on 
the composition of the polymer mixture in the homoge- 
neous one-phase region. In general, the chemical potential 
is determined from the free energy as 

P ~ L I  = (aF/ani)Tp,nr (3.1) 

where nk is the number of moles of the kth species in the 
mixture. The application of (3.1) to the Flory-Huggins 
free energy of (2.13) is readily shownk to lead to the fol- 

where 
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lowing expressions for the chemical potentials of solvent, 
polymer A, and polymer B, referred to the corresponding 
pure liquid states: 

po - poo = RT[ln 40 + 1 - 40 - ~A(VO/VA) - ~ B ( V O / V B )  

/.LA - pAo = R T [ h  $A + 1 - 4~ - ~o(VA/VO) - 

+ (XOA4A + XOB+B)($A + 4 B )  - XAB(VO/VA)4Ad’BI (3*2a) 

~ B ( V A / V B )  + ( X A O ~ O  + X A B ~ B ) ( ~ O  + 4 ~ )  - 
XOB(VA/ vO)d’O’$Bl (3e2b) 

pB - pBo = RT[ln 4~ + 1 - 4~ - ~o(VB/VO) - 
~A(VB/VA) + ( X B O ~ O  + X B A ~ A ) ( ~ O  + $A) - 

As discussed in ref 6c the six xij’s for a three-component 
system are reduced to three independent parameters 
through the relations 

XOA(VB/ vO)4Od’Al (3.2c) 

xji = xij(Vj/Vi) (3.3) 

To derive expressions for the chemical potentials from 
the renormalization group free energy of (2.20), it is con- 
venient to define the quantities fl = F1, f2 = F2a1/32.2FlQ, f3 
3 F3az/32PF1Q, and f4 1 - (a3 In 2 + F4)/32r2F1Q so as to 
rewrite (2.20) in the compact form 

(3.4) 

When (3.4) is differentiated with respect to mole number, 
we find 

Fs/QRT = FH + f lfdd4 

pi - p? = (FH)’i + f’l,ifdd4 + flf’z,ifd4 + flfdS,if4 + 
f jdd’4,i, i = 0, A, B (3.5) 

in terms of the derivatives X: 3 (dX/dni). The derivatives 
(FH): are evaluated as 
FH’, = In 4 0  + 1 - 40 - ~A(VO/VA) - ~B(VO/VB)  + 

FH’, = In 4 A  + 1 - 4~ - ~o(VA/VO) - ~ B ( V A / V B )  + 
(4.4 + 4d2/2 - (vO/2vA)$A$B (3.h) 

(1/2)[40(vA/v0) + 6B1(40 + 4 B )  - (vA/2vO)404B 
(3.5b) 

FHL = In $B + 1 - 4~ - ~ o ( V B / V O )  - ~ A ( V B / V A )  + 
(1/2)[~o(vB/vO) + 4A(VB/VA)l($O + 4 A )  - 

( vB/2 VO)$O4A (3.5c) 

with the reduced volume fractions $A, $B, and $m reex- 
pressed in terms of 4 A  and 4 B  for compactness. The re- 
maining derivatives f $ follow similarly, but being lengthy, 
they are omitted. 

Effective Flory parameters are defined by equating the 
chemical potentials pi = p/’, i = 0, A, B, of the Flory theory 
(eq 3.2a-3.2~) with the corresponding chemical potentials 
pi - p?, i = 0, A, B, of the renormalization group theory 
(eq 3.5-3.5c), where the original parameters xOA, x0B, and 
xm in (3.2) are replaced by the effective parameters gOA, 
gOB, and jim in establishing the above equalities. Carrying 
out these operations, j iOA, ROB, and are obtained as 

( 2 0 ~ 4 ~  + ~ ~ O B ~ B ) ( $ A  + 4 ~ )  - RAB(VO/VA)~A@B = 
( 4 ~  + 4 ~ ) ~ / 2  - ( V ~ ~ V A M A ~ B  + f’i,ofdd4 + ffi,ofd4 + 

flfd’3,of4 + flfddh,o (3.6) 
Two additional equations in the three unknowns, jiOA, jiOB, 
and %AB, follow from the two pairs of equations (3.2b), 
(3.5b) and (3.2c), (3.5~).  The 2’s may be obtained as the 
solutions to matrix equations of the form 

Aji = B (3.7) 
by using Cramer’s rule 
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x j  = (A’jb, + A2’b2 + A3’b3)/lAI (3.8) 

where xj may be jioA, jioB, or jim, A” and IAl are respectively 
the cofactor and determinant of A, and the bis are the 
elements of B. The phenomenologically defined 2’s so 
obtained define a set of effective or renormalized param- 
eters such that the full chemical potentials are the Flo- 
ry-Huggins expression written in terms of the 2. These 
effective 2 differ from the original Flory parameters in 
displaying an explicit dependence on the volume fraction, 
molecular weight, and virial coefficient of the component 
polymers. Experimentally, such additional dependences 
have been observed,20 and numerous other improvements 
of the Flory mode121 have been put forward that similarly 
attempt to express an effective x as a function of various 
previously neglected experimentally relevant variables. 
These extended Flory models may also be cast into the 
form (3.7), with A remaining the same and only B differing 
from model to model. 

B. j( in the Limit of Zero Concentration of One 
Component. Of particular significance in this connection 
is the fact that det (A), which appears in the denominator 
of (3.7), is given by 

det (A) = - ( V B / V O ) ~ O ~ A ~ B  (3.9) 

Clearly, det (A) vanishes when either 40, 4 A ,  or 4 B  ap- 
proaches zero. And unless all terms in the numerator of 
(3.7) vanish at  least as fast, this means that 2 diverges 
when passing to the limit of a binary polymer-solvent 
solution or to the limit of a binary blend. Experimental 
observations of interaction parameters that show unphy- 
sical divergences in the limit of vanishing amounts of one 
component may therefore be a result solely of the manner 
in which the 2 parametes are defined. Indeed, in the limit 
of vanishing volume fraction of one component, we have 
a two-component system where three interaction param- 
eters cannot be independent. As our derivation in Ap- 
pendix A demonstrates, such behavior arises solely from 
the conventional definition of j i  as the phenomenological 
quantity generated by equating the right-hand side of (3.2) 
to the experimental or theoretical chemical potentials; the 
original free energy is nondivergent. As described further 
below, explicit evaluation shows that, for example, $A#Bjim 
approaches a constant for 4 A  (4B) -, 0 and displays the 
expected linear dependence on $A (4B) in this limit. 

C. General Concentration Dependence. The ex- 
pressions (3.6) and (3.7) for the (2)’s of the tenary system 
require as input parameters two molecular weights, two 
concentrations, and three Fixman z-parameters (described 
below). The z-parameters themselves involve two em- 
pirical constants each, which enter through the relations 
zil = Aij(1- eij/T), with eij the 8 temperature for the i-j 
excluded-volume interactions. Thus, 10 independent (but 
readily determinable) experimental parameters are needed 
to specify the 2’s for a given state of the tenary system. 
To simplify matters, we consider only certain special limits 
in our calculations; these reduce the number of required 
input variables and at the same time focus attention 
primarily on the variation of the parameter j im. 

One simplifying limit of this kind involves mixtures that 
are symmetric in the two polymer components, i.e., MA = 
MB E M, VA = VB V, and AM = ARB E A2. Calculations 
of the behavior of the 2’s for a symmetric ternary system 
are illustrated in Figure 1, where the three effective Flory 
parameters %oA/MA, zoB/MB, and j iAB/  (MAMB)’t2 are 
presented as a function of the relative polymer volume 
fraction 42 E +A/(4A + c $ ~ )  for a fixed total polymer 
volume fraction of 0.2 and for selected values of the virial 
coefficients, molecular weights, and molar volumes of the 
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Figure 2. Effective Flory parameter jiAB/(MAMB)l12 as a function 
of 4k at fixed MA = MB = 104 and zAA = zBB = 2.0 (corresponding 
to A for the following values of Am: 2.7 

(5). 

component polymers. Figure 1 is derived from the more 
general free energy expressions of (2.17)) which does not 
pass to the semidilute limit and which may therefore be 
used to consider the limit of small polymer volume frac- 
tions. The values of the virial coefficients (with AM = ABB 
5 Am) are so chosen so to place the system in the ho- 
mogeneous good solvent regime. 

The choice of parameters in Figure 1 is guided by the 
representation of the virial coefficient A2 as a function of 
the excluded-volume interaction zAA = ZBB z E 

of the two-parameter model in the form22 

= ABB = 2.3 X 
x iov(i); 2.5 x 10-3 (2); 2.3 x 10-3 (3); 1.8 x 10-3 (4); 1.5 x 10-3 

A,(%) = ( ~ T R G , ~ ) ~ / ~ ~ A C U R , ~ ~ ( % ) \ ~ ( % ) / ~ ~  (3.10) 

where RG,O is the unperturbed radius of gyration of the 
chain and the expansion factor aRGz3 and the penetration 
function \k are given bf122 
aRGz3 = (1 + 32~/3)~/ ' [1  - 0.130(32~/3)/(1 + 3 2 ~ ) ] ~ / ~ ,  

z I 0.15 (3.10a) 

aRGz3 = 2.26~~."~', z I 0.75 (3.10b) 

\ k (z )  = (0.207)6.441~/(1 + 6.441%) (3.10~) 

and where (3.10a) applies for poor solvents and (3.10b) for 
marginal to good solvents. In addition, an examination 
of the polymer free energy (2.17) as a function of z and Am 
is used to determine the range of these parameters that 
ensure complete miscibility of the mixture. The z-param- 
eter in Figure 1 has the fixed value 1.0 for all molecular 
weights, while Am is set to that value of A2, computed from 
(3.10), a t  which z = 1.0. The unperturbed radius of gy- 
ration is chosen to obey the empirical relation20b for 
polystyrene 

RG.0  = 0.3Wl2 A (3.10d) 

The predicted divergent behavior of the (21's is well 
shown by jim (top four curves) when @'A - 0 or 42 - 1. 
The presence of the divergence in this limits induces a 
substantial composition dependence over a range of values 
for 4'A. The molecular weight independent polymer- 
solvent interactions (lowest curve) likewise diverge in these 
limits, although the scale of the graph prevents the limiting 
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Figure 3. Parameter 2m RA&A~B/(MAMB)'/' as a function 
of 4fA at fixed MA = MB = lo4 and ZM = zBB = 2.0 for the values 
of Am (denoted AB) shown on the graph. The dotted lines 
represent the function 3.75 X 10" (1 + c$A~B) ,  which is included 
here for reference. 
behavior from being distinguished. Figure 2 presents the 
variation of (MAMB)'/2 with relative polymer volume 
fraction $2 at fixed values MA = MB = lo4 and ZM = ZBB 
= 2.0 (corresponding to AM = ABB = 2.3 X lom3) for a range 
of values (1.5 X 10-3-2.7 X for the virial coefficient 
Am. Again, when 4 2  - 0 or 1, the ji- parameter in- 
creases very steeply. The shapes of the curves 1-5 are 
largely unchanged at higher molecular weights, although 
the magnitude of jiAB/(MAMB)112 at a given 42 decreases 
as M increases. 

The jiOA/MA and jiOB/MB parameters (which are now 
shown in Figure 2) are largely independent of composition, 
molecular weight, and the value of Am, partly because of 
our choice of a symmetric two-polymer system. The values 
of jiOA/MA and jiOB/MB remain very small everywhere ex- 
cept in the immediate vicinity of 4A = 0 (or &, = 0), where 
they become negative and diverge. The lack of compo- 
sition dependence of jioA/MA and jioB/MB in the symmetric 
case is expected, as the screening of A-A excluded-volume 
interactions by B chains and vice versa is practically 
identical with self-screening, except for the difference 
between Am and AM = ABB. However, in unsymmetrical 
mixtures the screening of A-A interactions by B chains 
may differ significantly from the screening by A chains. 

Figure 2 represents a simplified description of the actual 
temperature dependence of the various j i ' s .  This depen- 
dence is contained in the relations zij = hij(1 - 8,/T), but 
the 9 temperatures €li for A-A, B-B, and A-B interactions 
need not all be the same. Only by specifying these tem- 
peratures and the three proportionality factors that relate 
them to the z-parameters is it possible to more fully 
characterize the variation of (2) with T. This information 
may be obtained for selected systems, but here we only 
exhibit some general trends by presenting results for 
symmetric mixtures. 

Since the divergence of the %-parameters of Figures 1 
and 2 is due to the use of the limits 4 2  --+ 0 or 42 -+ 1, 
it is convenient to consider the quantities gij j i i + # ~ .  that 
are finite when +i or 4j - 0. (It is to be noted thitkij so 
defined does not enter into the expressions for the free 
energy; its use here is entirely a matter of illustrative 
convenience.) Figure 3 displays the variation of jim with 
4 2  for the same parameter values as are used in Figure 
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Figure 4. Parameter gm as a function of 42 at fixed tu = zBB 
= 2.0 for different values of the molecular weight (M) and virial 
coefficient Am. The highest set of cwes, corresponding to a fiied 
molecular weight of M = lo4, have the following values of A 
(reading from top to bottom): 2.7 X 2.5 X 10"; 2.3 X lo? 
1.8 X 1.5 X lo9. The middle set of curves, corresponding 
to a fiied molecular weight of M = 105, have the Am values: 7.75 
X lo-'; 7.3 X 6.1 X lo-"; 4.6 X lo-". The lowest set of curves, 
corres onding to M = los, have the Am values: 2.35 x lo4; 2.0 
X 10 -P ; 1.5 X lo-". 

2. The dotted line is the function 3.75 X lO"( l  + 4 A 4 B ) ,  
which is included for reference. The parameters kAA and 
kBB, which are not shown, are of the order of less than lo4 
and are fairly independent of $12 and the other variable 
parameters. The parameter jim is indeed finite for all @IAB, 

and the form of its composiiton dependence is a function 
of the virial coefficient Am This dependence is minimal 
for Am = 2.3 X (=AAA = ABB), because this choice of 
virial coefficients corresponds to a solution of homo- 
polymers. 

Figure 4 depicts the molecular weight dependence of jiAB 
versus $2 at  fixed zAA = zBB = 2.0 and various values of 
Am. The top five curves of Figure 4 are simply the curves 
of Figure 3 drawn on a larger scale. The next four curves 
correspond to MA = MB = lo6 and Am values of respec- 
tively 7.75 X lo4, 7.3 X lo4, 6.1 X lo4, and 4.6 X lo4 from 
top to bottom. Here the choice of ZAA = ZBB = 2.0 in (3.10) 
gives AM = ABB = 7.3 X lo4. Again, it is when Am = AM, 
corresponding to the homopolymer limit, that the com- 
position dependence of km is very small. The bottom 
three curves are constructed for M = lo6 and the AAB 
values of 2.3 X and 1.5 X 
lo4 from top to bottom. 

Figure 5 shows the variation of the parameter gAB/ 
(MAMB)'12 with $2 as a function of the solvent volume 
fraction 4,, at  fixed M = lo4, Am = 2.7 X and zM = 
zBB = 2.0. The topmost curve in the figure refers to a 
solution of highest total polymer concentration (the same 
as curve 1 in Figure 21, while the lower curves refer to 
solutions of progressively lower total polymer concentra- 
tion. The magnitude of j im/  (MAMB)''2 is seen to decrease 
with decreasing total polymer concentration. This implies 
that although excluded-volume interactions are less 
screened in more dilute polymer solutions, there are al- 
together fewer such interactions at  these concentrations. 
In other words, gm/(MAMB)l12 is determined, among other 
things, by two competing factors: on the one hand, 
screening tends to decrease zm as polymer concentration 
c increases, but on the other, long-range correlations be- 
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Figure 5. Effective Flory parameter g m / ( M  MB)'I2 versus 4'A 

Am = 2.7 X and Fixman parameters tu = Z ~ B  = 2.0 at 
different solvent fractions 4o (denoted XO in the figure). 
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Figure 6. Effective Flory parameter g O A / M A  versus $2 at the 
parameter values of Figure 5 and for the indicated solvent volume 
fractions. 

tween chain segments tend to make the 2 parameters vary 
as c914 in the scaling limit, thereby causing the 2 param- 
eters to grow as c114 in this limit. While the parameters 
used in Figure 5 are not those appropriate to the scaling 
limit, they illustrate the operation of these competing in- 
fluences. Figure 5 presents only a single value of AAB to 
avoid clutter. As the total polymer concentration dimin- 
ishes, the spread in the curves for the g parameter, cor- 
responding to different values of Am, diminishes from that 
in Figure 2 for 4o = 0.8. 

Figure 6 illustrates the dependence of the parameter 
jiOA/MA on the total polymer concentration for the same 
parameter values are are used in Figure 5. Above a 
threshold value of 4 i, goA/ MA is fairly independent of 4 2 
and varies with concentration in the manner anticipated 
from the discussion in the preceding paragraph, viz., 
j iOA/MA grows with polymer concentration as a result of 
the long-range correlations introduced by the excluded 
volume interactions. 

D. 2 in the Limit of Strong Chain Overlap. The 
semidilute limit is characterized by the limit $A, $B >> 1, 
where, as discussed earlier, the free energy (and hence the 
chemical potential) is expected to become a power law 
function of the overlap concentration alone, independent 
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of the molecular weight. Such a functional form emerges 
from eq 2.17 when a binary polymer-solvent mixture is 
considered. The more general ternary mixture can only 
be studied numerically. A calculation of this kind is carried 
out to determine the variation of the effective 2 with the 
total polymer volume fraction 4T $A + 4 B  at  values of 
AM, ABB, Am, MA, MB, N ,  Vo, VA, and VB that are ex- 
pected to reflect typical experimental values. The virial 
coefficients AM, ABB, and Am, are all positive and are 
chosen so as to guarantee that the mixture is in the one- 
phase region. As mentioned earlier, the chain length N 
is given by N = n,l, with n, the number of monomers and 
1 the Kuhn length. n, is Milmi, where mi is the monomer 
molecular weight and is set here to 100 g mol-'. The Kuhn 
length is taken to be 10 A. The molecular weights range 
from 104 to lo7 g mol-', and the molar volumes are specified 
as follows: Vo = 100 cm3 mol-' and Vi = MJp, where the 
density p in g is set to unity for both A and B. In 
this system of units, the virial coefficients have the di- 
mensions mol cm3 g-2 are are chosen to satisfy A U  = ABB - Am such that z+ and ZBB - O(1). 

For molecular weights N lo6, jim/(MAMB)l12 is found 
to vary as a power law in ( 4 A  + 4 B )  with an exponent N 

0.98. The exponent varies slowly as a function of Am at  
fixed AM = ABB, increasing to about 1.0 at  M = lo7 (the 
largest molecular weight considered) and decreasing to 
about 0.86 at  M = lo4 (the smallest molecular weight 
considered). The same trend is observed for smaller and 
large values of AM = ABB at fmed A B .  The expected order 
E power law of 9/4 is anticipated to emerge only for higher 
molecular weights. The parameters ZOA/MA and XOB/MB 
are found to be essentially independent of volume fraction 
within the parameter range studied. 

Fukuda et al.*yd have recently investigated a symmetric 
A-B-solvent sytstem that roughly corresponds to the 
conditions specified in our numerical calculations. Their 
light-scattering study of the interactions between poly- 
styrene and poly(methy1 methacrylate) mixtures in the 
good solvent bromobenzene exploits the equal but opposite 
sign of the refractive index increments of the two polymers 
in bromobenzene to mask the solvent-polymer interactions 
and to selectively observe the polymer-polymer interac- 
tions. The latter are derived from the free energy model 
of Koningsveld et a1.21b in the form 
U / N R T  = 40 In 40 + ( 4 ~ / m ~ )  In @A + 

( ~ B / ~ z . B )  ln @B + ~ O $ A ~ O A ( ~ )  + @ o ~ B ~ o B ( ~ )  + 
~ A ~ B ~ A B ( ~ A , ~ B )  (3.11) 

where N is the total number of lattice sites, mi is the degree 
of polymerization, and g, and gm are the polymer-solvent 
and polymer-polymer interactions, respectively, with go, 
a function of the total polymer concentration 4 = 4 A  + $B 
and gAB a function of both and 4 ~ .  A different set of 
effective x parameters (xt] is often defined through the 
second derivative of the free energy with respect to volume 
fraction of one or other of the components, this quantity 
being related to the experimentally measurable zero wave 
vector of the reciprocal scattering function. These xt also 
differ from the parameters j i o ~ ,  jioB, and jim defined earlier 
through the chemical potential. Only in the limit of dilute 
solutions, when g A B  becomes independent of the ratio 
&/($A + &J, i = A, B, does xtm coincide with xm of the 
original Flory-Huggins free energy. 

The experiments of Fukuda et al. are performed at a 
constant 1:l  ratio of the two polymers over a wide range 
of molecular weight and total polymer concentration up 
to the spinodal. A scaling region in the variables xt12 and 
@ps + &.Mm is observed beyond a certain critical volume 
fraction (which the authors identify as the overlap con- 
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centration), where there is no dependence of xt,, on the 
molecular weight of the polymer components. The scaling 
exponent in the semidilute regime is not found to be a 
constant but varies between 0.6-0.9 over the entire range 
of concentrations studied in this domain. 

These results are reasonably consistent with the general 
trends predicted by renormalization group scaling argu- 
ments. The scaling limit exponent of 1.25 predicted by 
the present theory is as much as twice that obtained by 
experiment in some parts of the scaling regime. One reason 
for the discrepancy may be the use of different definitions 
of x parameters. The free energy model of (3.11) uses a 
separability approximation in which the polymer-solvent 
interactions of the ternary system are described by the 
polymer-solvent interactions of the corresponding binary 
system. Although this model and others like it (a recent 
work is that of Einaga et provide practical guidelines 
for the experimental measurement of various solution- 
phase x parameters, it is clear from eq 2.17 and 2.20 that 
the excluded-volume interactions of multicomponent 
mixtures are in fact nonseparable. As explained in the 
introduction, this is because both A and B type chains are 
involved in the screening of excluded-volume interactions, 
implying, for instance that the effective A-A interaction 
is a function of the concentration of B and the strength 
of A-B interactions. 

At the same time, as suggested by our numerical studies, 
it  is likely that the experimental conditions used by Fu- 
kuda et al. do not correspond to the asymptotic scaling 
regime for the A-B polymer interactions. The experi- 
mental molecular weights Me (- 104-106 g mol-') and virial 
coefficients Am,e [ -(1.5-3.5) X lo4 mol ~ m ~ / g - ~ ]  of some 
of their samples are not sufficiently high that the z-pa- 
rameters exceed -0.75, a figure that previous renormal- 
ization group studies22 suggest marks the onset of marginal 
power law solvent conditions. Furthermore, in a recent 
study on finite size corrections in confined polymer mix- 
t u r e ~ , ~ ~  we have shown that the crossover of the variable 
zm from marginal to good solvent values occurs quite 
slowly, requiring higher molecular weights for the as- 
ymptotic scaling region to set in. When the above ex- 
perimental values are used in our numerical calculations 
along with the approximation 0 I AM = ABB I Am,e, 
power law exponents are found in the range -0.9-1.0. 
These values are somewhat larger than those determined 
experimentally, but they appear to reproduce the general 
trends in the data. Thus, allowing for discrepancies ori- 
ginating in our different definitions of the x parameter, 
it seems quite reasonable that larger molecular weights, 
higher temperatures, or solvents of better quality could 
push the scaling exponents to the larger asymptotic values 
predicted by theory. 

4. Calculation of Coexistence Curves 
Equation 2.15 is also the starting point for the discussion 

of the phase behavior of the A-B mixture in the semidilute 
regime. In principle, the thermodynamic criteria of phase 
stability% may be used with (2.15) to determine the critical 
points of the ternary ssystem as well as the equations for 
the spinodal and binodal curves. However, such calcula- 
tions are very difficult to solve analytically even for the 
relatively simple Flory-Huggins free energy of eq 2.13, and 
they are completely intractable for the AF of (2.15). 

To circumvent some of the difficulties involved in con- 
structing a phase diagram from eq 2.15, we use the ap- 
proximate relation (2.19) instead. Furthermore, we only 
consider solutions that are symmetric in A and B; i.e., we 

3 Az,  and XA = AB = 'Iz, the latter corresponding to 
set NA = N B  E N ,  MA = MB I M ,  VA = VB E V, AU = ARB 
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= A 2. The free energy (2.17) Case i. AM = A BB = A 
in this limit becomes 

F s / Q R T  = FH + FR (4.1) 

where 
FH = (&/VO) In 40 + ( ~ A / V )  @A + ( ~ B / V )  In 4~ + 

404A/2VO + 404B/2V0 + 4A4B/2V (4*1a) 

Polymer Volume Fract ion 
Figure 7. Schematic plot of the free energy of eq 2.20 as a 
function of polymer volume fraction &'A &A/(&A + 4B): (a) and 
(b) partial miscibility; (c)  complete miscibility. 

monodisperse ~olut ions.~ In general, even this simplifi- 
cation necessitates the use of numerical methods, although 
the added approximation of setting A, equal to A2 yields 
an analytically tractable expression for the free energy 
which is discussed further below. Our discussion of phase 
behavior, therefore, focuses on three convenient illustrative 
cases: (i) AM = ABB = A,; (ii) AM = ABB = 0, ABB > 0, 
and (iii) 0 < AM = ABB < AD. Cases i and iii correspond 
to a mixture of mutually repelling, self-avoiding chains and 
do have experimental analogues in, for instance, the work 
of Fukuda et al.,2&Vd which is discussed in section 3. Case 
ii corresponds to a mixture of two mutually repelling chains 
A and B at  their 8 points, a system which at  present is 
likely to be of more theoretical than practical interest. As 
far as we are aware, there have been no experimental re- 
alizations of case ii polymer mixtures, although Monte- 
Carlo simulations are possible. 

Case i is treated analytically, while cases ii and iii are 
analyzed numerically as follows: For fixed values of both 
the solvent volume fraction do and the virial coefficients 
AM = ABB 1 0 and for suitable choices of chain length, 
molecular weight, and molar volume, the free energy A F  
is plotted against the relative polymer volume fraction $2 

dA/(bA + 4 B )  for a range of values of AD.  Here the 
choice of parameters do, N ,  M ,  etc. follows the general 
guidelines discussed in the previous section. Thus, for 
instance, we fix $o at  80-90%, a concentratioon that from 
our earlier studies16 represents passage to the semidilute 
limit without invalidating the renormalization group ap- 
proach. (At higher polymer concentrations, the nonzero 
volume occupied by chain segments must also be included 
in the Hamiltonian of (2.1).) Similarly, molecular weights 
M are chosen in the range 104-107. 

The free energy curves so obtained fall typically into 
three well-known classes, presented schematically as (a), 
(b), and (c) in Figure 7. Curves a and b correspond to 
conditions of limited miscibility, while curve c corresponds 
to conditions of complete miscibility. The initial slopes 
of all three curves in the limit $2 - 0 or 1 are linear, 
indicating adherence to Raoult's law. The double minima 
in curve c locate the coexistent volume fractions &* of the 
two segregated phases which eventually coalesce into a 
single phase at  criticality. The locus of as a function 
of A A B  defines the coexistence curve. Since the mixture 
is symmetric in A and B, the critical volume fraction 42,, 
is 0.5. A critical value of A m  is determined at  cb'~,, = 0.5 
by interpolating between the &* in the vicinity of the 
critical point. The coexistence curve can then be reex- 
pressed in terms of the reduced variables (4 - &)/+, and 
(T, - T) /T ,  mentioned in the Introduction. 

with 
6 = A,W/T~NAW (4. IC) 

The derivation of (4.1) neglects terms of order v/&@(@A 
+ $B) which are assumed to be small by definition of the 
semidilute limit of strong chain overlap. The relation pi 
= (dF/dni)Tp,nj, defining the chemical potential of com- 
ponent i, may be used with eq 4.1 to determine the 
equation of the coexistence curve, which is the locus of 
points along which p t  = p?I with I and I1 denoting the 
coexisting phases of the two-phase region. The symmetric 
mixture of this fxample has the additional simplifying 
relations $2 = 40, 42 = 4Bn, and @B1 = 4 A n  at coexistence, 
which enable the chemical potential of, for instance, A to 
be expressed as 
In xAI + (XB')'(1 - 4o)xG' = In xAII + ( x B " ) ~ ( ~  - 40)xG" 

(4.2) 
where 

x ~ I  = 4?/(4A1 + #BI), i = A, B (4.2a) 

X i I I  = 4?'/($A1' + &I1) = @;/($A1 + 4 B I )  = 1 - 41 1 ,  

i # j = A, B (4.2b) 

XG' = 0.5[1 + 22+366(1 + 2 In 2)(A&f/V)2+6(4~ + 
@'B)'+*/4B] 

21f366(1 + 2 In 2)(&@/V)'+*(4~ + 4 ~ ) ' + ~ / 4 ~  (4.2~) 

Equation 4.2 is of the same form as the chemical potential 
for a two-component polymer mixture, the modified vol- 
ume fraction x i  replacing 4i and the effective concentra- 
tion-dependent parameter X G  replacing the concentra- 
tion-independent parameter x. Consequently, a number 
of analytical results describing the critical state may be 
obtained at  once by analogy with treatments of binary 
mixtures. We have omitted this analysis because it has 
recently been presented (after completion of our work) by 
Broseta et a1.26 in a theoretical analysis based upon a 
combination of renormalization group results for the virial 
coefficients with a scaling ansatz for the free energy of the 
ternary mixture. Broseta et al. show that there are 
qualitative departures from the predictions of the Flory- 
Huggins theory, and additional qualitative differences 
follow from our renormalization group free energy (4.1). 

We presently restrict ourselves to a consideration of how 
eq 4.1 modifies the analysis of Broseta et  aLZ6 Their ex- 
pression for the site free energy in the symmetric limit 
takes the form 

1 - x  In (1 - x) + ux(1 - x) (4.3a) = - l n x + -  
P B  

where x $A/(4A + 4B) is the fraction of A monomers, Pi 
= Mi/Mb,  i = A, B, represents the number of blobs per 
chain of type i with Mi the molecular weight of i and Mb 
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a blob size related to the total polymer concentration c and 
correlation length through Mb = ct3. The important 
parameter u is an effective interaction between unlike 
blobs that follows from a renormalization group analysis 
as having the form 

u = KiKc“ (4.3b) 

where Ki is roughly proportional to the effective interac- 
tions between unlike monomers, and K and 7 are assumed 
to be universal constants with values of about 0.02 and 
0.28, respectively.26 

For purposes of comparison with eq 4.4e of Broseta et 
a1.,26 our eq 4.1 may be rewritten in terms of the relative 
polymer volume fraction x as 

Fs/WTRT = (~o/$TVO) In 40 + v 1n 4~ + 40/2Vo + 1 
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the same range for our ternary mixture. In this region the 
coexistence curve is calculated from (2.17) to be well rep- 
resented by the equation 

(4 - @,)/4, = ~ ~ [ ( A A B  - AAB(~)) /AAB(~)]’~ (4.4) 
for all molecular weights in the range considered, where 

 CY^ = 1.7 (4.4a) 
and 

01 = 0.50 (4.4b) 
The exponent of p1 in (4.4b) coincides with the classical 
prediction for the exponent p characterizing phase sepa- 
ration in binary liquids or alloys.% Experimentally, such 
systems are actually described by p’s that are of the order 
of 0.33, very close to the critical point. A mean-field value 
of p1 is expected in our calculations, since the expansion 
(2.11) for the free energy neglects fluctuations that are 
important in the immediate vicinity of the critical point.29 

Away from the asymptotic critical region (defined here 
as (Am - AAB(,))/AAB(,) > 5 X and up to - O . l ) ,  the 
coexistence curve is characterized by eq 4.4 with the ex- 
ponents cui N 0.20 and pi N 0.39 for molecular weights in 
the range studied. 

Following the procedure used to derive eq 4.4, an 
equation for the coexistence curve may be similarly cal- 
culated from the Flory free energy (2.13), the critical point 
being exactly determined as 

xm(c) = 1/4A(d (4.5) 
where (=c#JB(~)) is the critical volume fraction of A and 
the critical value of 4 i  E @ A / ( 4 A  + &,) is 0.5 by con- 
struction. (Equation 4.5 no longer applies if gm is used 
instead of xm, as there is now an added concentration 
dependence of the interaction parameter; the critical point 
in this instance, therefore, differs from the Flory result 
(4.5). The Flory coexistence curve is also given by eq 4.4 
for the range of molecular weights studied, with the same 
exponents ai and p1 as for the renormalization group 
calculation both near and away from the critical region. 
However, the Flory theory for phase separation in a ternary 
system only involves the difference x0A - x0B. Because case 
i is symmetric, it has x 0 A  = xOB, and the Flory theory 
becomes independent of the value of the polymer-solvent 
interaction. In other words, so long as the two polymers 
are separately miscible in the solvent, “the magnitude of 
the solvent polymer interaction is of no importance”.6c In 
the renormalization group theory the polymer-solvent 
dependence is much more complicated, and provided AM 
and ABB are not zero, the shape of the coexistence curve 
may be modified, even in the symmetric case. This is 
discussed further below for case iii. In addition, the form 
of eq 4.4 contains the empirical virial coefficients, which 
have nonclassical power law dependences on the molecular 
weight and reduced temperature in the semidilute region. 
These variations are absent in the simple Flory theory, and 
a greater departure between Flory and RG theories would 
emerge by using the variable (T - T,) / T, on the right-hand 
side of (4.4). 

Case iii. Strongly Interacting Self-Avoiding Poly- 
mers with A M  = ABB # 0, A, > 0. The parameters 
used in constructing the free energy curve of (2.20) are 
specified in much the same way as before. However, the 
self-virial coefficients AM = ABB are required to correspond 
to good solvent conditions for the two polymers, and the 
appropriate values are chosen on the basis of eq 3.10. We 
use the value z = 1.0 in our numerical calculations. 

A possible molecular weight dependence of the coex- 
istence curve is investigated as before by repeating the 

X (1 - x )  
- l n x + -  In (1 - x )  + u’x(1 - x )  (4.3~) V V 

where 4T = 4A + 4 B  and u’is the effective interaction for 
which we have the explicit form 

u’= 4T[1 + (2V/4T2x(1 - x))(FR)]/2V (4.3d) 

U ’ N  236 ( !g)+6(4A + 4B)’+6 x 
x ( l  - x)V 

At fixed total polymer concentration r # ~ ~  (and therefore at 
fixed volume fraction 4o of solvent) the first three terms 
on the right-hand side of (4.3~) are constants. They may 
therefore be absorbed into the definition of the zero of free 
energy, and the resulting expression is of the general form 
of eq 4.3a with the new effective interaction u‘. Here, the 
exponent of the total polymer concentration [analogous 
to 7 of (4.3b)l is 3 + 6 [recall that x = ~ A / ( @ I A  + @B)], and 
6 = 0.25 + O(e2) in the good solvent limit. The function 
Ki of the blob model is undetermined and can only be 
postulated to vary as the strength of the interaction be- 
tween different monomers. Our renormalization group 
calculation, in contrast, provides the explicit functional 
form of this quantity and shows its nontrivial dependence 
on the monomer-monomer interaction and the polymer 
concentration. Since our more general quantity u’may be 
easily substituted into the various exact equations derived 
by Broseta et al. to determine the resultant additional 
nontrivial composition dependence, we do not pursue this 
analysis any further. 

It should be emphasized that our renormalization group 
result leading to (4.3) applies only to the special limit Am 
= A2, and the more general symmetric case Am # A2 
considered by Broseta et al. (and discussed further below) 
would require the use of the analytically more complicated 
eq 2.20 from our renormalization group derivation. In 
other words, the function Ki, necessary to make the scaling 
model agree with our renormalization group calculations, 
has a considerably more complicated dependence on con- 
centration and strength of interaction than has been 
postulated by Broseta et al. from simple scaling arguments. 

Case ii. Strongly Interacting 8 Chains. Denoting 
the critical value of the virial coefficient by Am(,), we define 
the immediate vicinity of the critical point by the reduced 
“temperature” (AAB - Am(,))/Am(,) that is less than or 
equal to about 5 X There is some evidencen that the 
asymptotic region of nonclassical behavior in binary li- 
quids, including polymer-solvent solutions, occurs for re- 
duced temperatures of about lo-*, so we consider about 
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calculations for a range of molecular weights. In this way, 
near criticality the equation of the coexistence curve is 
obtained as 

(4 - 4 c ) / 4 c  = ~zM’[(AAB - AAB(~)) /AAB(~)]’~ (4.6) 

where 

 CY^ = 0.47 (4.6a) 

6 = 0.19 (4.6b) 

0 2  0.50 (4.6~)  

Phase separation in symmetric ternary mixtures of two 
polymers in a solvent, therefore, is found here to depend 
on polymer-solvent interactions as well as on polymer- 
polymer interactions, in contrast to the predictions of the 
simple Flory theory. As these interactions are turned on, 
the coexistence curve acquires an additional molecular 
weight dependence [characterized by the exponent 6 = 1/5 

of (4.6)] that is absent when A u  and ABB are zero in case 
ii. The exponent p2 = 0.50 is again a mean-field-type 
exponent that originates from the neglect of higher order 
density-density fluctuations near the critical point. 

Away from the critical domain, the exponents 6 and p2 
are approximately obtained as 0.13 and 0.39, respectively. 
The prefactor a2 remains essentially unchanged, its value 
now given by 0.50. It is interesting that in this region, case 
ii, case iii, and Flory theory lead to the same “temperature” 
exponent [of course, only when the dependent variable in 
(4.4) is taken as the empirical virial coefficient]. While we 
are not presently aware of any experimental data with 
which to compare these results, experimental verification 
should be possible. 
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dominant nonclassical effects that are absent in Flory 
theory. 

Discussion 
This paper shows how the empirical definitions of the 

Flory x parameter in terms of chemical potentials may be 
used in conjunction with renormalization group calcula- 
tions of semidilute ternary mixtures of two polymers in 
marginal to good solvents to derive the variation of these 
effective g parameters with polymer concentration 4 and 
molecular weight M. The functional dependence of j i  on 
4 and M for a range of molecular weights and virial 
coefficients is shown by analytic and numerical methods 
to be characteristically hyperbolic and to diverge in the 
limit of vanishing amounts of one or other of the compo- 
nent species. The divergences in these limits are shown 
to stem solely from the defining equations for the j i ,  which 
are of considerable generality. In addition, the parameter 
TAB of the good solvent semidilute ternary mixture is found 
to scale with total polymer concentration in accord with 
general scaling arguments and the recent experimental 
data of Fukuda et al. on “optical 0” ternary solutions. 

The renormalization group expression for the free energy 
of these semidilute ternary mixture is also used to study 
phase separation in symmetric solutions of “0” and 
“self-avoiding” polymers. In particular, exponents de- 
scribing the asymptotic region of the coexistence curve are 
calculated for both these situations. The results for the 
0 mixture are found to be equivalent to the corresponding 
Flory description when empirical virial coefficients are 
employed to mask serious deficiencies of the Flory theory 
in describing the molecular weight and temperature de- 
pendence of the interaction virial coefficient. On the other 
hand, the self-avoiding case reveals an added molecular 
weight dependence that the Flory theory fails to predict 
even when the equations are expressed in terms of ex- 
perimental second virial coefficients in order to absorb the 
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Appendix A. Variation of x with Composition: 
Solution to Equation 3.11 

The matrix A in (3.7) remains the same regardless of 
the model used to derive the chemical potentials of the 
ternary system and is given by 

I OA(OA + @B) OB(@A + OB) -( VO / VA)OAOB 
+ OB ) -(VA/VO)OOOB OB(60 + OB) 

(VB/VO)OO(OO + OA 1 (VB/VA)OA(OO + @ A )  

The components of B are obtained from the right-hand 
side of (3.5) by using the definitions (2.20a)-(2.20h) (for 
general polymer concentration, i.e., the limit of strong 
chain overlap is not taken), along with (3.5a)-(3.5c) and 
(2.16). The calculations are routine but lengthy and are 
not reproduced here. It is only B that varies from model 
to model (it may equally well be obtained from experi- 
ment), so the results obtained here are of considerable 
generality. 
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ABSTRACT: A recent theory for the aging kinetics of polymer glasses has been further tested by comparing 
its predictions of volume recovery with the experimental results of Kovacs on poly(viny1 acetate) when subjected 
to two sequential temperature steps. Kovac's results present an important test because the recovering volume 
goes through a maximum before approaching equilibrium. With the same parameters used previously, the 
computed curves properly describe the essence of the experimental data: the general height, location, and 
ranking of the various maxima. A more quantitative fit to the data is obtained, however, by augmenting the 
free volume theory with an additional activation energy to account more accurately for the purely thermal 
effects. 

Introduction 
Liquids  near the glass t ransi t ion can exhibit unusual 

behavior when subjected to a sequence of steps i n  tern- 
perature or pressure. Properties like volume a d  enthalpy 

m a y  pass at constant  tempera ture  and pressure through 
extrema. If, for  example, the temperature of a liquid at 
equilibrium at the temperature To is suddenly stepped to 
TI and held there for a relatively short t i m e  and then 
stepped to a third temperature  T2 somewhere between To 
and TI and held at this temperature, the observed volume 
is likely to Pass through either a minimum O r  a maximum 
before evolving toward a final, equilibrium value. A 
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